We review some recent results on the equilibrium shapes of charged liquid drops. We show that the natural variational model is ill-posed and how this can be overcome by either restricting the class of competitors or by adding penalizations in the functional. The original contribution of this note is twofold. First, we prove existence of an optimal distribution of charge for a conducting drop subject to an external electric eld. Second, we prove that there exists no optimal conducting drop in this setting.
Equilibrium measures, potentials and capacities
We start by investigating the optimal distribution of charges for a given compact set Ω ⊂ R N . Most of the results can be found in [19, 20, 23] . For xed α ∈ ( , N), and Radon measures µ, ρ we de ne where the class of minimization runs over all probability measures on Ω. We denote by Iα(Ω) the Riesz potential energy of Ω. We can then de ne the α−capacity of a set Ω as 
Iα(µ, ρ) :=ˆR
then its optimal measure µ for α = is equal to the equilibrium measure of the ball B that is
1 this is for instance the case if Ω is a compact set with |Ω| > . 2 we say that a property holds α−q.e. if it holds up to a set of zero capacity.
Remark 1.3.
The characterization at in nity of the behavior of the potential described in point ( ) of the previous theorem has been successfully exploited to show geometric inequalities, such as Brunn-Minkowskitype inequalities [2, 3, 6, 29] .
Remark 1.4.
For N ≥ and α > one can show that the (fractional) capacity of a set Ω can be characterized as Cap
reduces to the Dirichlet energy of u. Remark 1.5. As pointed out in [20] , in the Coulombic case α = , the equilibrium measure µ coincides with the so-called harmonic measure at in nity of Ω.
The next result gives a link between sets of Hausdor dimension at least N − α and sets of positive capacity (see [23, Th. 3.13] ).
We now study the existence of an equilibrium measure for a conducting set subject to an external electric eld E = −∇φ. We focus on the Coulombic case α = and N ≥ . For µ a (signed) measure supported on Ω with µ(Ω) = , the electrostatic energy of µ is given by
while the electrostatic energy of Ω is F(Ω) := min
Let us notice that in contrast with the situation of Theorem 1.1, the existence of minimizers for ( Proof. Assume that λ and v exists and let µ := c(N, ) − (−∆v). To show that µ is optimal, we notice that if ρ is another measure with ρ(Ω) = , then
Integrating the equation v + φ = λ against ρ − µ in Ω and using that (ρ − µ)(Ω) = , we get that
Using Proposition 1.7 we conclude the proof.
We are thus left with the construction of a constant λ and a function v satisfying the hypothesis of Proposition 1.8. In order to avoid technicalities, we will assume that ∂Ω and φ are smooth. For later use, let v Ω be the solution of 
Moreover, −∆v is a bounded measure on Ω.
Proof. The uniqueness part of the statement follows by maximum principle. Let us turn to the existence. For R , let v R be the unique solution of
Let f+ := max(max ∂Ω f , ) and f− := min(min ∂Ω f , ) and let v± := f±v Ω . By maximum principle, v− ≤ v R ≤ v+. Since v± → at in nity, using elliptic regularity and letting R → +∞ we obtain a function v which satis es (1.3). To see that −∆v is a measure it is enough to notice that for ψ ∈ C ∞ c (R N ), we havê
where ρ is the outward normal to ∂Ω and where ∂v ∂ρ + is the exterior trace of ∂v ∂ρ . We can now prove our main result of this section. Proof. Let v be the solution of (1.3) with f = − φ and for λ ∈ R let v λ := v + λv Ω . Since −∆v is a nite measure and −∆v Ω is a multiple of µ Ω (which is a probability measure), we can nd λ such that v λ solves (1.2) and −∆v λ (Ω) = . This concludes the proof thanks to Proposition 1.8.
Equilibrium shapes of charged liquid drops
The study of the equilibrium shapes of charged liquid drops started with the seminal paper of Lord Rayleigh [30] who calculated through a linear stability analysis the maximal charge that a spherical drop can bear before the onset of instability. It was later observed by Zeleny [33] that for larger charges, conical singularities (the so-called Taylor cones) appear together with the formation of a thin steady jet. Since then it has been understood that the micro-drops forming the jet carry a large portion of the charge but only a small portion of the mass (see [8] ). Because of its numerous applications in particular in mass spectrometry [17] , this phenomenon has attracted a wide interest in the last thirty years. We refer to [27] for a more detailed discussion on the physical background and literature. Let us point out that mathematically, very little is known about what happens after the onset of singularities. In particular the formation of the Taylor cones is still badly understood (see [14, 16] for some results in this direction). The variational model describing the equilibrium shape of a charged liquid drop is the following. For a given charge Q > the energy of a compact set Ω is equal to
where H N− refers to the (N − )−dimensional Hausdor measure. Up to a renormalization of the volume, we are looking for a solution of min
The physical case corresponds to N = , with Coulombic interaction α = . When the charge distribution µ is taken to be uniform on Ω, this problem is often called the sharp interface Ohta-Kawasaki model (or Gamow's liquid drop model). See [4] for a recent overview of this related problem. The mathematical interest of (2.1) lies in the fact that there is a competition between the perimeter which is a local term minimized by the ball and the non-local electrostatic energy Iα which is maximized by the ball (at least for α ≤ [1] ). Based on the experimental observations, the linear stability analysis (see in particular [10, 30] ) and by analogy with what is known for the Ohta-Kawasaki model, one could expect that for small Q the ball minimizes (2.1) while for large Q no global minimizers exist. Surprisingly enough, this is not the case and the problem is always ill-posed when α ∈ ( , N). Roughly speaking this is due to the fact that the perimeter term sees objects of dimension N − while Iα naturally lives on object of dimension N − α, see Proposition 1.6. The following non-existence result has been obtained in [19, Th. 3.2] .
By the isoperimetric inequality, this means that (2.1) is not attained.
Proof. For n ∈ N and β ∈ ((N − ) − , (N − α) − ), let rn := n −β . Consider the competitor Ωn made of n balls of radius rn each carrying a charge n − and in nitely far apart together with a ball of radius Rn ∼ which is free of charge. We can then compute the energy
By the choice of β, Performing a more careful analysis it can be shown that actually even local minimizers do not exist for the Hausdor topology (see [19, Th. 3.4] ). If the construction leading to the non-linear instability of the ball described here is made of many disconnected components, it has been proven in [27, Th. 2 ] that (at least in the physical case N = , α = ) the ball is actually unstable even in the class of smooth graphs over the ball. In the case α ∈ ( , ] one can expect a stronger interaction between both terms in (2.1) which might restore well-posedness. This has been recently investigated in [28] in the case N = , α = , which corresponds to three dimensional drops trapped between two very close isolating plates. The authors were able to completely solve this problem Proof. A rough idea of the proof is the following: the crucial observation is that in dimension two, the energy of a connected set decreases under convexi cation. Of course this operation does not preserves the volume. This motivates dropping the volume constraint and studying the global minimizer of the energy. By the above observation, a global minimizer is made of a union of convex sets. Using the linearity (respectively the sublinearity) of the perimeter (respectively of the Riesz capacity) with respect to the Minkowski sum, it can be shown that the ball is the global minimizer of the energy amongst convex sets. The global minimizer is thus made of a union of balls from which it is readily seen that it is actually a single ball. Therefore, for any radius
R > there exists a charge Q(R) > such that the ball of radius R is the only minimizer (up to translation) of min E Q(R) (Ω).
Here we adopted the notation E Q(R) (Ω) instead of E (Ω) just to emphasize the dependence on the charge. Let Q( ) be the charge associated to B . If Q > Q( ), then using a construction similar to the one used in the proof Theorem 2.1, it is possible to prove non-existence of a minimizer while for Q < Q( ), since for every Ω with |Ω| = |B |,
with equality if and only if Ω = B , we obtain that the ball B is the unique solution of (2.1). Notice that in the second inequality we used that the ball is a maximizer of I under volume constraint.
Turning back to the case α > where (2.1) is ill-posed, it is natural to wonder if restricting the admissible set could restore well-posedness. A rst possibility, explored in [19] is to add a strong constraint on the curvature. For δ > , we say that a set Ω satis es the δ−ball condition if for every x ∈ ∂Ω there are two balls of radius δ touching at x, one of which is contained in Ω and the other one which is contained in Ω c . Notice that this implies in particular that ∂Ω is C , with all the curvatures bounded by δ − . We set , no minimizer of (2.2) exists.
Proof. For the existence part the main point is to prove that every minimizing sequence Ωn must be connected for Q < Q δ N . By (almost) minimality, we have
3)
The quantitative isoperimetric inequality [15] then implies that |Ωn ∆B | Q. Thanks to the δ−ball condition, this yields that Ωn is indeed connected for Q δ N . The non-existence part is obtained by constructing a competitor made of δ −N balls of radius δ.
In the Coulombic case α = , it was shown in [19, Th. 5.6] (see also [19, Cor. 6.4] for the logarithmic case when N = ) that for small enough charges, the ball is the unique minimizer of (2.2). The proof of this result is quite long and involved but the basic idea is to argue as in [5, 9, 18, 22] for instance and show that for small charges minimizers are nearly spherical sets, that is small Lipschitz graphs over ∂B . This allows the use of a Taylor expansion of the perimeter for this type of sets given by Fuglede [13] . The main technical lemma is the following (see [19, Prop. 5.5] and the proof of [19, Th. 5.6]).
Lemma 2.6. For N ≥ and α = , if Ω is a nearly spherical set and if the optimal measure µ is bounded in L ∞ (∂Ω), then there exists a constant C depending on this L
Thanks to the δ−ball condition, it can be proven that for Q small enough, minimizers of (2.2) satisfy the hypothesis of Lemma 2.6. The proof of Theorem 2.5 is concluded by combining (2.4) together with (2.3).
Remark 2.7. One consequence of Theorem 2.5 is the stability of the ball under small C , perturbations. This extends a previous result of [10] where stability with respect to C ,α perturbations was proven. Let us however point out that in [10] , the asymptotic stability of the ball is also studied.
An alternative way to restore well-posedness for (2.1) is to reduce the admissible class to convex sets. If this geometric restriction is not directly comparable with the δ−ball condition, it allows for less regular competitor (Lipschitz). As shown in [20, Th. 2.3] , under the convexity constraint, there is always a minimizer for (2.1). The idea is to show that for small charges, minimizers of (2.5) satisfy the hypothesis of Lemma 2.6. This is a consequence of the following regularity result [20, Th. 4.4] . This result proves that in dimension two and when restricted to the class of convex sets, conical singularities never appear. The proof of Theorem 2.10 is quite long and technical but the main idea is to show that if Ω is not regular enough, then we can lower the energy by replacing part of the boundary by a straight line. The major di culty is to precisely estimate the variation of the non-local term. A crucial technical point is that for convex sets, the optimal charge distribution is in L p (∂Ω) for some p > (see [20, Th. 3.1] ). In higher dimensions, it seems di cult to obtain regularity by such simple cutting-by-planes argument but it would be interesting to investigate further this question.
Instead of imposing constraints on the admissible sets, another way of restoring well-posedness is to take into account regularizing mechanisms in the functional. One possibility, proposed in [27] is to take into consideration entropic e ects and impose that the charge is distributed in Ω. The functional then becomes (in the physical case N = , α = )
where
We refer to [27] for a physical motivation of this model. Their main result is existence of minimizers for this functional (see [27, Th. 3] ). 
A perfectly conducting drop in a uniform external eld
The problem of nding the equilibrium shape of charged droplets is closely related to the problem of nding the equilibrium shape of a conducting drop submitted to an external electric eld. If the understanding of meteorological phenomena has rst motivated the study of this question [32] , the wide spectrum of modern applications ranging from the breakdown of dielectrics due to the presence of water droplets to ink-jet printers might explain the large amount of literature on the subject (see for instance [7, 21, 25] ). In the simplest and most considered case of a constant external eld E, we have (recall (1.1)) for Ω ⊂ R N with N ≥ ,
and we look for a minimizer of min
It is quite easy to see that this problem is ill-posed. Proof. Without loss of generality, we may assume that E = e := ( , , . . . , ). Consider for n ∈ N the admissible set Ωn made of two disjoint balls B ii) It is still an open question to know if the ball is stable under small Lipschitz deformations for small charges. iii) It is natural to try to extend the stability analysis for the ball to α ≠ . iv) In light of Theorem 2.5, it would be interesting to see if well-posedness holds (for small charge) when α ∈ [N − , N). v) Not much is known about the minimizers of the functional G introduced in [27] . It would be interesting to study existence/non-existence of minimizers without con nement, their regularity and the stability of the ball. vi) Another natural way to regularize (2.1) would be to add a curvature term of Willmore type in the energy.
One would then study the functional
where κ is the mean curvature of ∂Ω. We expect that for small charges Q minimizers of this functional under volume constraint exist and are actually balls.
